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In this paper we consider the second-order nonlinear differential equation
s
a t y9 t 9 q q t f y t s 0, ) .  .  .  .  .w x .  .
1  ..  .where s ) 0 is any quotient of odd integers, a g C R, 0, ` , q g C R, R ,
 .  .  .f g C R, R , xf x ) 0, f 9 x G 0 for x / 0. Some new sufficient conditions for
 .the oscillation of all solutions of ) are obtained. Several examples that dwell
upon the importance of our results are also included. Q 1998 Academic Press
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1. INTRODUCTION
Consider the second-order nonlinear differential equation
Xs
a t y9 t q q t f y t s 0, 1.1 .  .  .  .  . .  .
 .where s is a positive quotient of odd integers, a t is an eventually
 . w .positive function, q t is continuous on an interval t , ` without any0
restriction on its sign, and f is a continuous real-valued function on the
 .  .real line R and satisfies uf u ) 0 and f 9 u G 0 for every u / 0.
1
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 .  .When a t s 1 and s s 1, Eq. 1.1 reduces to the equation
y0 t q q t f y t s 0, 1.2 .  .  .  . .
w xwhich has been studied by many authors 1]4, 6]9, 14]18, 21 . The survey
w xpaper by Wong 14 contains a complete bibliography up to 1968. Also, for
a detailed account on second-order nonlinear oscillations, see the paper by
w xKartsatos 3 , which gives more than 300 references. Very recently, Wong
w xand Agarwal 19 employed the techniques in the work of Graef and Spikes
w x w x1 , Kwong and Wong 4 for the differential equations, and recently
w xThandapani et al. 12, 13 for the difference equation, and obtained several
 . sufficient conditions for oscillation of all solutions of 1.1 see Theorems
 ..  .3.3, 3.4, and 3.5 a . However, the conditions see Theorems 3.3 and 3.4 to
be verified look rather difficult and contains not only the coefficients in
 .1.1 but also some additional restrictions, for example,
1rsy1.y9 t F L for L ) 0, 1.3 .  .
1rsy1. 1rsy1.N F y9 t F L for N , L ) 0, 1.4 .  .
f 9 u G m ) 0, 1.5a .  .
and
f 9 u F m , 1.5b .  .1
where m and m are constants.1
In this paper we shall provide several new and explicit sufficient condi-
 .tions for oscillation of all solutions of 1.1 , which improves the results in
w x2, 5, 7, 8, 10, 18 . Our technique is an extension of the methods employed
w x w x w xin the work of Wong 17 , Yu 21 , and Li 5 .
 .A special case of 1.2 is the equation
g
y0 t q q t y t sgn y t s 0, 1.6 .  .  .  .  .
where g G 1 is a constant.
 .  .  .By a solution of 1.1 , we mean a nontrivial function y t satisfying 1.1 .
 .A solution y t is said to be oscillatory if it is neither eventually positive
nor negative, and nonoscillatory otherwise. For notational simplicity let
s
w t s a t y9 t . .  .  . .
In Section 2 we shall give some interesting lemmas, which will be used in
Section 3 to prove Theorem 3.1. To illustrate our results, several examples
are also included in Section 3.
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2. SEVERAL LEMMAS
The following lemmas will be used to prove Theorem 3.1 in Section 3.
w  . x  .LEMMA 2.1 19, Lemma 2.2, r t ' 0 . Assume that f 9 y G 0. Let
 .  .  .s s oddrodd. Suppose that y t is a positi¨ e negati¨ e solution of 1.1 for
w x w xt g t , a , and there exist t g t , a and m ) 0 such that0 1 0
s sq1a t y9 t a s f 9 y s y9 s .  .  .  .  . .t t0 0 1y q q s ds q ds G m .H H 2f y t . . t t f y s . .0 0 0
2.1 .
w xfor all t g t , a . Then1
s w xa t y9 t F G y mf y t , t g t , a . 2.2 .  .  .  .  . .  .1 1
 .  .COROLLARY 2.1. Assume that f 9 y G 0. Let y t be a positi¨ e solution
 .of 1.1 . If
t




s `, 2.3 .H 1rs
t a s .1
then
sq1
` a s f 9 y s y9 s .  .  . .
ds - `. 2.4 .H 2
t f y s . .1
Proof. Otherwise,
sq1
` a s f 9 y s y9 s .  .  . .
ds s `.H 2
t f y s . .1
U  .Hence, there exists t G t such that 2.1 holds. Therefore, by Lemma 2.1,1 1
s U Ua t y9 t F ymf y t for t G t . 2.5 .  .  .  . .1 1
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 .Since s s oddrodd, by 2.5 we have
11rsU Uy9 t F y mf y t for t G t . 2.6 .  .  . . .1 11rsa t .
 .  .  .In view of 2.3 , relation 2.6 implies that y t is negative eventually,
which is a contradiction. The proof is complete.
 .  .COROLLARY 2.2. Assume that f 9 y G 0 and 2.3 holds. If
`
q s ds s `. 2.7 .  .H
t0
 .Then e¨ery solution of 1.1 is oscillatory.
 . w xRemark 1. Corollary 2.2 is Theorem 3.5 a of Wong and Agarwal 19 .
t  .We now consider the case that lim H q s ds exists.t ª` t0
 .  .LEMMA 2.2. Let s s oddrodd G 1. Assume that f 9 y G 0 and 2.3
holds. Suppose further that
 .  .i lim f y s `;< y < ª`
 . t  .ii lim H q s ds exists.t ª` t0
 .  .Let y t be a nonoscillatory solution of 1.1 . Then
sq1
` a s f 9 y s y9 s .  .  . .
ds - `, 2.8 .H 2
t f y s . .0
s
a t y9 t .  .
lim s 0, 2.9 .
f y ttª`  . .
and
s sq1
` `a t y9 t a s f 9 y s y9 s .  .  .  .  . .
s q s ds q ds 2.10 .  .H H 2f y t . . t t f y s . .
for sufficiently large t.
 .  .Proof. Let y t be a nonoscillatory solution of 1.1 . Without loss of
 .  .generality, assume y t ) 0 for t G t . By Corollary 2.1 it follows that 2.80
SECOND-ORDER NONLINEAR DIFFERENTIAL EQUATIONS 5
 .holds. From 1.1 we have
w9 t .
s yq t . 2.11 .  .
f y t . .
 .Then it follows from 2.11 that
X
w t w t f 9 y t y9 t .  .  .  . .
s yq t y . 2.12 .  .2f y t . . f y t . .
 .Integrating 2.12 from t to t, we have0
w t w t .  . t0y s y q q s ds .Hf y t f y t .  . .  . t0 0
sq1a s f 9 y s y9 s .  .  . .t
q ds. 2.13 .H 2
t f y s . .0
Furthermore,
sq1w t w t a s f 9 y s y9 s .  .  .  .  . .t t0s y q s ds y ds .H H 2f y t f y t .  . .  . t t f y s . .0 0 0
sq1
` `w t a s f 9 y s y9 s .  .  .  . .0s y q s ds y ds .H H 2f y t . . t t f y s . .0 0 0
sq1
` ` a s f 9 y s y9 s .  .  . .
q q s ds q ds .H H 2
t t f y s . .
sq1
` ` a s f 9 y s y9 s .  .  . .
s b q q s ds q ds, 2.14 .  .H H 2
t t f y s . .
where
sq1
` `w t a s f 9 y s y9 s .  .  .  . .0
b s y q s ds y ds. .H H 2f y t . . t t f y s . .0 0 0
We claim that b s 0.
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If b - 0, we choose t so large that2
bt wq s ds F y for all t g t , ` . .H 24t2
and
sq1
` a s f 9 y s y9 s b .  .  . .
ds - y .H 2 4t f y s . .2
We take t s t s t in Lemma 2.1. Then all assumptions of Lemma 2.10 1 2
hold. From Lemma 2.1 we obtain
11rs
y9 t F y mf y t for t G t , .  . . .2 21rsa t .
 .  .which contradicts the positivity of y t since 2.3 holds.
 .If b ) 0, from 2.14 we have
s
a t y9 t .  .
lim s b ) 0,
f y ttª`  . .
 .which implies that y9 t ) 0 eventually. Hence, there exists t G t such1 0
that
s
a t y9 t b .  .
G for t G t 2.15 .1f y t 2 . .
and
sq1
` `a s f 9 y s y9 s b f 9 y s y9 s .  .  .  .  . .  .
` ) ds G dsH H2 2 f y s . .t tf y s . .1 1
b f y t . .
s lim ln .
2 f y ttª`  . .1
  ..   ..Therefore, ln f y t - `, which implies that f y t - ` as t ª `. Due
 .  .  .to condition i and that y t is increasing eventually, if y t is unbounded,
 .   ..then lim y t s `, and hence f y t ª ` as k ª `, which is ak ª` k k
 .contradiction. Therefore, y t is bounded.
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 .On the other hand, from 2.15 and the monotonicity of f , we get
b bs
a t y9 t G f y t G f y t , .  .  .  . .  .12 2
and so
1rsb 1
y9 t G f y t , t G t . .  . .1 11rs2 a t .
 .  .By 2.3 , it follows that lim y t s `, which contradicts the bounded-t ª`
 .ness of y t . The proof is complete.
Remark 2. By using our technique in Lemma 2.2, we can improve
w xTheorem 3.1 of Wong and Agarwal 19 by dropping the conditions
 .  .1.3 ] 1.5b .
EXAMPLE 1. Consider the nonlinear differential equation
X1 1s gy9 q y s 0, t G 1, 2.16 .  .5t t
where g ) 0 and s G 1 are quotients of odd integers. It is easy to verify
that the assumptions of Lemma 2.2 hold. Hence, every nonoscillatory
 .  .  .  .   . .solution y t of 2.16 satisfies 2.8 ] 2.10 . But Theorem 3.1 r t ' 0 of
w x  .  . gy1Wong and Agarwal 19 cannot be applied to 2.16 since f 9 y s g y G
 .0 does not satisfy the condition 0 - m F f 9 y F m .1
3. MAIN RESULTS
In this section we will give several new sufficient conditions for oscilla-
 .tion of all solutions of 1.1 .
 .  .THEOREM 3.1. Let s s oddrodd G 1. Assume that f 9 y G 0 and
 .2.3 holds. Suppose further that
 . `  .1r s . y`  .1r s .i 0 - H dyrf y , H dyrf y - ` for any e ) 0;e ye
 . `  . t  .1r s . `  . .1r sii H q s ds exists and lim H 1ra s H q u du ds s `.t t ª` t s0 0
 .Then e¨ery solution of 1.1 is oscillatory.
Proof. Assume the contrary. Without loss of generality, we assume that
 .1.1 has an eventually positive solution. Under our assumptions, Lemma
 .  .  .2.2 is true. Let y t be an eventually positive solution of 1.1 . Then 2.10
  ..sq1holds. Since f is nondecreasing and y9 t G 0, the second integral in
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 .2.10 is nonnegative. Hence,
1rs
`y9 t 1 .
G q s ds . .H1rs 1rs  /ta tf y t  . . .
Integrating it from t to t, we get0
` dy y9 s .t
` ) G dsH H1rs 1rs .y t tf y f y s .  . .0 0
1rs
`1t
G q u du ds, 3.1 .  .H H1rs  /t sa s .0
 .  .which contradicts condition ii . Similarly, one can prove that 1.1 does not
possess eventually negative solutions. The proof is complete.
 .Remark 3. If s s 1 and a t s 1, then Theorem 3.1 concludes the
w xresult of Wong 17 .
EXAMPLE 2. Consider the superlinear differential equation
1X gybt y 1 y9 t q y t sgn y t s 0, t G 2, .  .  .  .a2t t y 1 .
where g ) 1, a ) 0, and b ) 0 are constants. Then
` ` ` `1 1bq u du ds s s y 1 du ds .  .H H H H a2a s . u u y 1 .t s 2 s0
` u1 bs s y 1 ds du .H Ha2u u y 1 .2 2
bq1
`1 u y 1 y 1 .
s duH a2b q 1 . u u y 1 .2
s ` if b G a .
w xBy Theorem 3.1, this equation is oscillatory. But the results of 17, 19 are
not applicable to the equation.
 .The following results are for the nonlinear type of 1.1 , which improve
w xand extend the oscillation criteria in 2, 5, 7, 8, 10 for the linear equation
X
a t y9 t q q t y t s 0. 3.2 .  .  .  .  .
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w xOur technique is a generalized Riccati transformation due to Yu 21 and
w xLi 5 .
 .In the following, we will assume that a t is an eventually positive
continuously differentiable function.
 .THEOREM 3.2. Let s s 1. Assume that 1.5a holds. Let D s0
 . 4  . 4  .t, s : t ) s G t and D s t, s : t G s G t . Let H g C D, R satisfy the0 0
following two conditions:
 .  .  .i H t, t s 0 for t G t , H t, s ) 0 for t ) s G t ;0 0
 .ii H has a continuous and nonpositi¨ e partial deri¨ ati¨ e on D with0
respect to the second ¨ariable.
Suppose that h: D ª R is a continuous function with0
­ H ’y t , s s h t , s H t , s for all t , s g D . 3.3 .  .  .  .  .0­ s
1w .If there exists a function g g C t , ` such that0
1 1t 2lim sup H t , s f s y r s a s h t , s ds s `, .  .  .  .  .HH t , t 4m . ttª` 0 0
3.4 .
 .  s  . .where r s s exp y2m H g ¨ d¨ and
X2f s s r s q s q ma s g s y a s g s , .  .  .  .  .  .  . 4
 .then e¨ery solution of 1.1 is oscillatory.
 .  .Proof. Let y t be a nonoscillatory solution of 1.1 . Without loss of
 . w .generality, we can assume that y t ) 0 on T , ` for some T G t .0 0 0
Define
y9 t .
u t s r t a t q g t for all t G T . 3.5 .  .  .  .  .0 5f y t . .
 .  .  .By 1.1 , 1.5a , and 3.5 , we obtain
u9 t s y2m g t u t .  .  .
X 2a t y9 t y9 t f 9 y t .  .  .  . . Xq r t y a t q a t g t .  .  .  .2 5f y t f y t .  . .  .
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y9 t .
F y2m g t r t a t q g t y r t q t .  .  .  .  .  . 5f y t . .
2y9 t m . Xy r t a t q r t a t g t .  .  .  .  .2f y t . .
y9 t .
2s y2m g t r t a t y 2mr t a t g t y r t q t .  .  .  .  .  .  .  .
f y t . .
2y9 t m . Xy r t a t q r t a t g t .  .  .  .  .2f y t . .
mu2 t .
s y y f t for t G T . . 0a t r t .  .
w xSimilar to the proof of Theorem 2.1 of Li 5 , we can obtain a contradic-
tion, and the proof is complete.
 .If f y s y, then m s 1. Hence, we have the following corollary, which
w x w xis Theorem 2.1 of Li 5 ; see also 10 .
 .  .COROLLARY 3.1. Let s s 1. Assume that i and ii hold and that
1 t 1 2lim sup H t , s f s y r s a s h t , s ds s `. .  .  .  .  .H 4H t , t . ttª` 0 0
 .Then e¨ery solution of 1.2 is oscillatory.
From Theorem 3.2, we can obtain different sufficient conditions for
 .  .oscillation of all solutions of 1.1 by different choices of H t, s .
Let
lH t , s s t y s , t G s G t , .  . 0
where l ) 1 is a constant. By Theorem 3.2, we have the following result.
 .COROLLARY 3.2. Assume that 1.5a holds. Let s s 1 and l ) 1 be
1 .constants. Suppose that there is a function g g C t , ` satisfying0
21 lt l ly2lim sup t y s f s y t y s r s a s ds s `, .  .  .  .  .Hl 4mt ttª` 0
 .  s  . .where r s s exp y2m H g ¨ d¨ and
X2f s s r s q s q ma s g s y a s g s . .  .  .  .  .  .  . 4
 .Then e¨ery solution of 1.1 is oscillatory.
SECOND-ORDER NONLINEAR DIFFERENTIAL EQUATIONS 11




A t s ds, t G t , 3.6 .  .H 0a s .t0
and let
lH t , s s A t y A s , t G t , 3.7 .  .  .  . . 0
where l ) 1 is a constant. By Theorem 3.2, we have the following
w xoscillation criterion, which extends Corollary 2.2 of Li 5 .
 .COROLLARY 3.3. Let s s 1. Assume that 1.5a holds. If
t lyllim sup A t A t y A s q s ds s ` for some l ) 1, .  .  .  .H
ttª` 0
 .then e¨ery solution of 1.1 is oscillatory.
 .COROLLARY 3.4. Let s s 1. Assume that 1.5a holds. If
` 1
lim inf A t q s ds ) , 3.8 .  .  .H 4mtª` t
 .  .  .where A t is defined by 3.6 , then e¨ery solution of 1.1 is oscillatory.
 .Proof. By 3.8 , there are two numbers T G t and k ) 1r4m such that0
`
A t q s ds ) k for t G T and lim A t s `. .  .  .H
tª`t
Let
12H t , s s A t y A s and g t s y . .  .  .  .
2ma t A t .  .
Then
2




2H t , s f s y r s a s h t , s .  .  .  .  .
4m




Q t s q s ds. .  .H
t
Then, for all t G T ,
1t 2H t , s f s y r s a s h t , s ds .  .  .  .  .H 4mT
1 A s .t t2s A t y A s A s d yQ s q y ds .  .  .  .H H /4m A s ma s .  .T T
12s A t y A T A T Q T y .  .  .  . /4m A T .
1
2 2y A t y A T .  .
2m
21 A t .t
q A s Q s y y4 A t q 3 A s q A9 s ds .  .  .  .  .H 4m A s .T
1
5 2 2G k y y y ln A T A t q A t ln A t .  .  .  . .2 /4m
1 1 3 1
2 2y A t y k y y A T . .  . /2m 4m 2 2m
 .This and 3.8 imply that
1 1t 2lim sup H t , s f s y r s a s h t , s ds s `. .  .  .  .  .HH t , t 4m . ttª` 0 0
 .It follows from Theorem 3.2 that every solution of 1.1 is oscillatory. The
proof is complete.
EXAMPLE 3. Consider the nonlinear differential equation
g
3ty9 9 q y q y s 0, t G 1. 3.9 .  . .2t ln t .
Then
1 1t t
A t s ds s ds s ln t , f 9 y G 1 s m , .  .H Ha s s .t 10
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and
` g
lim inf ln t ds s g .H 2tª` t s ln s .
 .Hence, by Corollary 3.4, every solution of 3.10 is oscillatory if g ) 1r4.
w x  .However, the results of 5, 10, 19 fail to apply to 3.10 .
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